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ABSTRACT. Discrete-time apalogues of continuous-time additive Hopfield-type neural networks
with impulses are formulated and their global stability characteristics are investigated.
AMS (MOS) Subject Classification: - 34A37, 30A11, 92B20

t. INTRODUCTION

In the modelling and analysis of dynamical phenomena various types of systems ranging down-
ward in complexity from partial differential equations, functional differential equations, integro-
differential equations, stochastic differential equations with hereditary term, diflerence equations
and algebraic equations have been used. It is common to approximate models of higher levels of
complexity by models of lower levels of complexity.

One of the most widely used techniques in the study of models involving ordinary differential
equations is to approxiroate the system by means of a system of difference equations, whose solulions
are expected to be samples of the solutions of differential equations at discrete instants of time as
in the case of Euler-type methods and Runge-Kutta methods. It has been shown by several authors
(Mickens, 1994; Prufer, 1985) that the dynamics of numerical discretizations of differential equations
can differ significantly from those of the original differential equations. Examples comparing the
dynamics of the respective pairs of diflerential and difference equations are given in (Mohamad &
Gopalsamy, 2000)(see also the introduction of our previous work (Akga et al., submitted)).

In (Mohamad & Gopalsamy, 2000) the global stability characteristic of a system of equations

’ modelling the dynamics of additive Hopfield-type neural networks both in the continuous and discrete
time cases is invesligated. In particular, a novel method of obtaining a discrete-time dynamical sys-

tem whose dynamics is inherited from the continuous-time dynamical system is studied. This aspect

is important since numerical algorithms of Hopfield-type differential equations lead to discrete-time

dynamic systems and such discrete-time systems should not give rise to any spurious behaviour if
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either system is to be used for coding equilibrium as associative memories corresponding Lo tempo-
rally uniform external stimuli obtained. The discrete-time models serve as global numerical methods

on unbounded intervals for the continuous-time systems (Meinardus & Nurnberger, 1985).

In our previous paper we investigated the global stability characteristics of these systems sup-
plemented with impulse conditions in the continuous-time case. The presence of impulses required
some modifications and the imposing of additional conditions on the systems. The present paper
is devoted to the formulation of the discrete-time analogues of these impulsive systems and the in-
vestigation of their stability. Let us recall that convergent difference approximations for nonlinear

impulsive systems of differential equations in a Banach space were obtained in (Covachev et al.,
2001).

2 MAIN RESULTS

=z Hopfeli type model of neural network with impulses

b~ - = & = LA E=12

A = - -z D e the epelees af meoments £, and §; < 8 < ... i5 a strictly

s e S 8, = <20 541 corresponds to the membrane potential of the

=

== IR — sesposse of activation to its incoming potentials; b;;
< cmermom wesst of the wmat 3 on the unit 6 the constants ¢; correspond to
s as o mowet Som cstsde the petwork to the unit f; the coefficient a; is the rate with

S0 e e epe e on reses 1= potential when isolated from other units and inputs. We
o anens peural networks to (Mohamad & Gopalsamy, 2000; Mohamad, 2000;
2=t swbtemitted) and the references cited therein.

20 wses in o the theory of impulsive differential equations, at the points of discontinuity ¢y of
“he solution ¢+ 5, (1) we assume that z;(tx) = z;(¢x — 0). It is clear that, in general, the derivatives
z.1%¢ ) do not exist. On the other hand, according to the equality (2.1) there exist the limits #; (¢ F0).
According to the above convention, we assume Z; () = (¢, — 0).

The system (2.1) was supposed to satisfy the following conditions
H1.: f; : R — R is Lipschitzian with Lipschitz constant L; > 0,
lfilz) = fiw)| < Lilz —y| forall =z,yeR

H2.: |fi(z)] < M;, =z € R, for some constant M; > 0.
H3.:a0; >0, b;€R, ¢ €eR, i,je{l,...,m}
H4.: The following inequalities hold:

m
ai—LiZlbﬁl >0, i=1m.
=1
System (2.1) has a unique equilibrium x* = (z}, 23, ...,z% )T whose components obviously satisfy

m
(2.3) T = Z bi; fi(=3) + i, i=1,m.
3=1
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either system is to be used for coding equilibrium as associative memories corresponding to tempo-
rally uniform external stimuli obtained. The discrete-time models serve as global numerical methods

on unbounded intervals for the continuous-time systems (Meinardus & Nurnberger, 1985).

In our previous paper we investigated the global stability characteristics of these systems sup-
plemented with impulse conditions in the continuous-time case. The presence of impulses required
some modifications and the imposing of additional conditions on the systems. The present paper
is devoted to the formulation of the discrete-time analogues of these impulsive systems and the in-
vestigation of their stability. Let us recall that convergent difference approximations for nonlinear
impulsive systems of differential equations in a Banach space were obtained in (Covachev et al.,
2001).

2. MAIN RESULTS

Cousider the following Hopfield-type model of neural network with impulses

dli it
(21) I = —aix,-(t) + Zb,‘jfj((l?j(t)) +c, t>0, t#t,
e
(22) Axi(tk) = Ii(:lti(tk)), P— , M, = 1,2,...,

where Az(tx) = z(tx + 0) — z(tx — 0) are the impulses at moments ¢; and £; < ¢3 < ... is a strictly
increasing sequence such that kl'l'ngo ty = +o00; z;(t) corresponds to the membrane potential of the
unit 7 at time ¢; f;(-) denotes a measure of response or activation to its incoming potentials; b;;
denotes the synaptic connection weight of the unit j on the unit ¢; the constants c¢; correspond to
the external bias or input from outside the network to the unit é; the coefficient a; is the rate with
which the unit self-regulates or resets its potential when isolated from other units and inputs. We
refer for more details about neural networks to (Mohamad & Gopalsamy, 2000; Mohamad, 2000;
Akga et al., submitted) and the references cited therein.

As usual in the theory of impulsive differential equations, at the points of discontinuity ¢ of
the solution ¢ = z;(t) we assume that z;(tx) = z;(tx —0). It is clear that, in general, the derivatives
Z;(t) do not exist. On the other hand, according to the equality (2.1) there exist the limits Z; (¢, F0).

According to the above convention, we assume Z;(¢x) = :(tx — 0).

The system (2.1) was supposed to satisfy the following conditions
H1.: f;: R — R is Lipschitzian with Lipschitz constant L; > 0,
[fi(z) = fily)| < Lilz —y| forall =zyeR

H2.: |fi(z)| < M;, = € R, for some constant A; > 0.
HBura) 6 b,‘jGR, c; € R, i,je{l,...,m}.
H4.: The following inequalities hold:

m
ai“Lz‘Z‘bji| >07 i=1,m.
j=1
System (2.1) has a unique equilibrium x* = (z¥,z3,...,2%)T whose components obviously satisfy

(2.3) wzl =Y bifilz})+e, i=Tm
=1
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Moreover, the impulsive operators I;(z;(t)) in (2.2) were supposed to satisfy
(2.4) Ii(zi(tr)) = —virl(zate) — 27),
O<vu <2 i=Tm, keZ*.
Here and below we use the notation Z* = {1,2,3,...}, Z¢ = {0,1,2,...}, Z5 = {...,—2,-1,0}.

In (Akca et al., submitted) all solutions of {2.1), (2.2) were proved to satisfy the inequality

m

Sl -zl et Y [m©@ - 5fl, >0,
i=1

i=1
for some constant o > 0.

Following (Mohamad & Gopalsamy, 2000), we reformulate system (2.1) by an approximation
of the form

(2.5) d:l:;is) = —a;zi(s) + Z bijfj (.’I:j([t/hlh)) + ¢,

j=1

i =T,m, s € [[t/h]h, [t/Rlh + R),

where h is a positive number denoting a uniform discretization step size and [t/h] denotes the greatest
integer in ¢/h. For convenience, we denote {t/h] = n, n € Z¢, and z;(nh) = z;(n). Thus (2.5) takes
on the form

(26) dil)l;is) = —aizi(s) + Z bijfj (Ij (TL)) Sz,
=1

i=1,m, s€[nh,{n+1)h).

In (Mohamad & Gopalsamy, 2000) the step h is an arbitrary positive number and the approximation
(2.6) of equation (2.1) is used for all n € Z}. However, we shall use this approximation only for
nonnegative integers n such that the interval [nh, (n + 1)h) contains no moment of impulse effect
tr, K €Z*.

We can rewrite the equation (2.6) in the form

2 (o)) = e | S bisfylas) + i)

§=1
i=1,m, s € [nh,(n + 1)h),

and integrate it over the interval [nh,t] for t < (n + 1)h to obtain

ea.-t _ painh

Yobifilsim) +eg |, i=T,

=1

xi(t)ea;t . zi(n)ea;nh -

i

In the last equality we let t — (n + 1)h and obtain

_ 1-e @k [ & .
(2.7) zi(n+1) = e‘“'hx,-(n) + _2-— Z b,-jfj(:cj ) +c|, i=1,m.
i =

This system is the discrete-time analogue of the system (2.1). An equilibrium x* = (2}, z}, . ..
of (2.7) satisfies the system

1 —eaih o L —
(28) ——— @iz - | Y bifi(e}) +ea | p =0, i=Tm.
=1

a;
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Obviously the quantities
1-—e gt =
$i(h) = ——, i=1,m
a;
satisfy @;(h) > 0, thus (2.8) implies (2.3), i.e., the equilibria of the systems (2.1) and (2.7) coincide.

We write the system (2.7) in the form

(29) 1'1'(71 + 1) =T " ( i ¢1. Zbljfj 11_-, TL)) = ¢t(h)cn 1= _E
$=1
In (Mohamad & Gopalsamy, 2000) no restrictions were imposed on the step size h. Neither were

such restrictions required to obtain the stability result for system (2.9).

However, we are investigating the impulsive system (2.1), (2.2). We find it appropriate to

assume there is not more than one moment of impulse effect in a step. To this end we supposc that
(2.10) 0= inf (tg41 —te) >0
kezd
and h > 0 satisfies
(2.11) h<@.

We denote [ti/h] = ng, k € Z*, and replace system (2.1), (2.2) satisfying (2.4) by the following
discrete system

zin+1) = e %zi(n)+ ¢i(h) D bijfi(zi(n)) + di(h)es,
j=1
(2.12) n € Z§ \ {n1,ns,...},
(2.13) zifn +1) = zi(ng) — ya(zi(ng) — 27),

O<yx <2 keZ*, i=Lm

Leth >0 satisfy (2.11). Suppose the assumptions H1-H4 hold. Then there exists a positive number

p = p(h) < 1 such that for any compact neighbourhood K of the equilibrium x* = (z},x3,...,25)7
there exists a constant C' > 1 such that all solutions z(n) of (2.12), (2.13) with z(0) € K satisfy the
following inequality

|zln+1) |z, - »
Z Z ¢t(h , neEZt

Proof. The proof of the theorem for n # ny, k € Z%, follows like that of (Mohamad & Gopalsamy,
2000, Theorem 4.1). We have from (2.12) that

zi(n + 1)—2] = e™*M(zi(n) - z7) + ¢:(h) Y bis (fi(z5(m)) — fi(=}))
i=1
for i = I,m, n € Z¢ \ {n1,n2,...}, and hence by condition H1
m
|zi(n + 1) - 27] < € *Mzi(n) - 27| + i(h 2 18351 L |5 (n) = 3]
for i =T,m, n € ZF, n # nx, k € Zt. We rewrite this inequality as

ot + D = afl o) j25(n) - 33|

¢i(h) it W+Z|b'J|L ¢5( )W’ n# ng,
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and obtain

o |zi(n+1) -z | _anlzi(n) = |zj(n) -z}
X m S Z{e g e Sttty e }

L=t

(2.14) i{ —aih 4 Lii(h) Zlb]‘ll} |z:(n zh)zﬂ

i=1 Sur]

for n € Z¢ \ {n1,n2,...}. Now, for each i = I, m we have

0.< b Ligu(h) Y byl = 1-6(1) (at LZI%'>

i=1

By virtue of condition H4 there exists a real number

We also denote

o' = a'(h) = min ¢i(h) >0

i=1l,m

and p = p(h) = 1 — ad’(h). Now
0< et 4+ Ligs(h) > Ibsil <p <1
9=k

and inequality (2.14) takes on the form

o lzi(n + 1)~ 25| o |2i(n) -}

215) p R e g L | R NN
i=1 ¢i(h) =

On the other hand, from (2.13) we have

(2.16) |z:(ng + 1) — 2f| = |1 — yie| |xi(ne) —2}|, i=1,m, keZt.
Let us denote v, = max |1 — ;x| (obviously 0 < vx < 1) and v = sup 7 (thus 0 < y < 1). Now
i=1l,m keZ+

the equalities (2.16) imply

|zi(ng + 1) — zF| < v |zi(ni) — 2|, i=1,m, keZt,

and
m m

lzi(ne + 1) —=}| i (ne) — 2| ¥
2.17 s WU s S Lzl e TSR A
@17) L am ST a®
By virtue of (2.15) and (2.17) we have
(218) Z '$t(n < pn i(1,n) 1(1 n) Z %, ne Z+,

i=1 *

where i(1,n) is the number of ny among 1,2,...,n. Now we consider two cases:

a) v < 1. Put p = max(p,7) < 1. Thus (2.18) takes on the form

Z |zi(n)— T —uz Iz,(O , nezt.

i=1

$:i(h)
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b) v = 1. Here we introduce some notation to be repeatedly used henceforth. Let us denote hy

i(0,1) the number of moments of impulse effect ¢, in the interval (0,¢). Further on, denote

: i(0, 1) , i(1,n)
p = limsup : g = limsup ——.
t—=o0 t n—oo n

Obviously, we have ¢ < 1. By virtue of (2.10) p < 1/6 (and thus p < co). Moreover, it is easily scen
that ¢ = ph and since h < 8, then ¢ < 1.

There exists 77 > 0 such that ¢ + 7 < 1. We have i(1,n) < (g + 7)n for n large enough. Now

pn i(l.n) < pn {g+m)n _ {p 1,4—1,)}

for n large enough. If we denote p = p' ~t4+7) < 1, then from (2.18) we obtain
z"‘: |11'1(Tl)—113;| < ﬁnz Izl( ) z|

2o "am =P LT g

for n large enough.

There exists a constant C > 1 such that

(2.19) Z"‘ h)“ <Cp" Z""‘z)h;'

for alt n € Z*. The constant C may depend on the solution z(n), i.e., on the initial condition
z{0). Because of the compactness of the neighbourhood K of the equilibrium x* this constant can
be chosen so that (2.19) is valid for all solutions z(n) of (2.12), (2.13) with z(0) € K, and this
completes the proof of the theorem.

The next theorem represents a generalization of Theorem 1. Namely, we replace the equality
(2.4) by

(2.20) |1,;(I,;(tk))| < Clzi(tk) — 11:”, =1 m, kE Z+,
for some positive constant c.

Now the equality (2.13) is replaced by

(2.21) |zi(ne + 1) = z;(n)| < clzi(ne) —z i=1,m, keZt.

1.|1

'/\e a @_!((,ﬁszet h > 0 satisfy (2.11). Suppose the assumptions H1-H4 hold. Suppose further that
In(1 +¢)
2.22 ]l ———— ) < 1.
e e reron)
Then there exists a number 5 = p(h) < 1 such that for any compact neighbourhood K of the
equilibrium x* = (z},x3,...,z5,)7 there exists a constant 8 > 1 such that all solutions z(n) of
(2.12), (2.21) with z(0) € K satisfy the following inequality

(2.23) Z |x’ | < g Z |I‘¢ (h)z 20 -af| g,

Proof. We need to just slightly modify the proof of Theorem 1 in case b). From the inequality
(2.21) it follows that

[zi(ne + 1)—zf| < (1+0)|zi(ne)—2;|, i=1,m, keZ,

and the inequality (2.18) should be replaced by

™ fai()-a3) (2:(0) 2]
i L il rShaiy 2] n—i(l,n) i{l,n) i +
(2.24) > YOI (1+c) E 7¢,(h) . REZ*

i=1 i=1
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Tor any 77 > 0 the inequality
i(1,n) < (g +n)n
is satisfied for all n large enough. For such n we have

prmillin) (1 4 )ithm) — pn-i(l,n)p‘ﬂ%li(l,n) - pn—i(l,n)(lflﬁ%fp—cl)

S pn—(q-{-n)n(l—'—"x(%f)) = {pl—(¢+ﬂ)(l—"‘l(nip"!)}n -

By virtue of (2.22) we can choose n > 0 so that

(g+mn) (hw) <1

and denote p = pl_("+")(l_ 51 <1 Inequality (2.24) becomes

lzim) =] s 202 zi|
Z (h) z ¢i(h)

for all n large enough. There exists a constant 8 > 1 such that the inequality (2.23) holds for all
n € Z*. This constant may depend on the solution z(n), i.e., on the initial condition 2(0). Because
of the compactness of K we can choose 8 so that (2.23) is valid for all z(0) € K.

In the formulation of the system (2.1) the neurons were implicitly assumed to process input
and produce output instantaneously. It is known, however, that such instantaneous processing and
delivery is not always true and there are significant time delays both in neural processing and axonal
transmission. So system (2.1) was generalized in (Mohamad & Gopalsamy, 2000) by inserting time
delays in neural networks. Accordingly, in (Akca et al., submitted) the following system
dz;
dt

m
= —azi(t) + Zbijfj(mj(t —Ti) te, t>0, tFi,
J=1

(2.25)
L4

was considered, in which ¢ = 1,m and 7;; > 0 corresponds to the transmission delay for i,j €
PR

In (Akga et al., submitted) the solutions of (2.25) satisfying the impulsive conditions (2.2) with
{2.4) and the initial conditions

17,‘(.5') = d’i(s): s € [_710]3 i= 1,—‘"’1, 7= max {Tfj}!

with ¥;(s) continuous for s € [—7,0] were proved to satisfy

m :
PEAOES |<3¢—f'2( sup |z(s )—x;|), t>0,
=}

= s€[—7,0]
for some constants S > 1 and € > 0.
The discrete-time analogue of (2.25) obtained in (Mohamad & Gopalsamy, 2000) is
m
(2.26) zi(n+ 1) = e~ %Py (n) + ¢i(h) Zb,-jf,(zj(n — Kij)) + &:(h)e, t=1,m,
=1

for n € Z7, where ;; = [7;;/h], with initial condition

(2.27) zi(f) = ;i (8), i=1T,m, €=—k,0, = max {ki}
t7€{l....m}
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We take the equation (2.2v) for n # ng, te.,

m

(228) a:,-(n + 1) = e‘“"‘z,-(n.) =7 (bx(h) Zb,’jfj (Ij(n = h‘.,‘j)) o ¢i(/l-)(fi,
J=y
=T,m, neZi\{n,ny...}.

TMW‘}\VL again replace the impulsive condition (2.2) with (2.4) by (2.13). Our next result is the following
Let h > 0 satisfy (2.11). Suppose the assumptions H1-H4 hold and let x;; i,7 = I,m, denote
nonnegative integers. Then there exist constants 8 > 1 and A > 1 such that all solutions of (2.28),
(2.13), (2.27) satisfy

m

|z:(n)—z}| n |¢ (&) —=3| 0 +
e 2w S ;,_SEE’O ooy

provided that

(2.30) [1—~ix| e, i=T1m,

forallke Z*.
Proof. For n # ng, k € Z*, the proof follows that of (Mohamad & Gopalsamy, 2000, Theorem
4.2). From (2.28) it follows that

(2.31) lziln +1) — 2| < e **zi(n) - z}| + $u(h) Z [bij| Lj |z5(n — &i5) — 231,

i=1,m, ne Z(T\{nl,nz,...}.

We consider functions G; € C[0,00), i = 1,m, defined by

m
Gi(\) =1 — Ae™* — Ligi(R) Y [b;e A
j=1
We have

Gi(1) = l—e—aih—Li¢z Zlbjll = ¢i(h) (a, L; Zlbﬁl) >0

=1

for all 7 = 1,m by virtue of condition H4.

By the continuity of G;(-) there exist O8I 1, ¢ = 1,m, such that G;(A\;) > 0for1 < \; <
Xi,i=T,m. Let A= min{:\l,j\g,.l.,;\m} > 1. Then for 1 < A < X we have

(2.32) Gi(N) = 1-X1"%"—Ligy(h) 3 |bjulA™*! >0, i=T,m.
j=1
If we denote

(2.33) y.;(n):A"EM, i=1T,m, n€{-x—-x+1,...,—-1}UZF,
éi(h)
then from (2.31) we have
m
(2,34) yl-(n + l) < Ae'“"‘yg(n) = z |b4j|Lj¢j(h)/\""i“yj(n = R,’j),
j=1

neE Zg_ \ {nl,nz,...},

for i = T,m. Next consider a Lyapunov functional V(n) = V(y1,¥2, .. .,ym)(n) defined by

=¥

(2.35) Vi(n) = Z{ ) + Z}b,,|L di(h)ariitt i yi(0) p, nezt.

=1 t=n—kK;;
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e note that V(n) > 0 for n € ZF and V(0) is finite. We cstimate the difference V(n + 1) — V(n)
siome the solutions of (2.28) for n # ny, k € Z*:

A

Vm+U—VW)_.E:%M””~DMW+EHWMWNMW“WM%

=

i=1

Ty virtue of (2.32) we have
V(n+1) < V(n)

Next we find successively

=1

1— e ™ — Ligy(h) D Jbsil As5e+! } yi(n).

for n€ Z§ \ {n1,n2,...}.

lzilne + 1) — 2| = (1 =yl |zi(ne) — 23,

yi(ng +

M3

V(ng + 1)
1

i

M=

"

i=1

By definition

Ving) = Z {yi(nk) +

=1
o l{

i=1

thus

Ving +1) — V(ng)

s

D = 11—yl yilne),

j=1 e=np+1-—-rij

_ {ll—%klkyi(nk)+Z|bij|Lj¢j(h)/\""’+l Z yj(f)}

{ (ll —YiklA+ Ligi(h) 3 ‘bji[/\"""ﬁ) yi(ne)
=t

b=ny —xKij

m ng—1
pE Z IbijILj¢j(h)A"‘i+1 ( Z yj(f) - yj(n;.- — Ii,-j))} .

m np—1
Dl Lgs(r)Amstt yj(e)},

7= =ny —Ki;

|1 — ’)’ikl/\ -1+ L,(bl(h) Z lbjil/\"ii"‘l

. } yi{ne)

=1

{1 —Ne—vEL Li¢i(h) Z 'b_jil/\"j"-*l } yi("k)

AAD (11 =yl = €7 yi(ne).
i=1

By virtue of (2.32) and (2.30) we have V(ny+1)—V(ng) < 0for k € Z* and, finally, V(n+1) < V(n)

for all n € ZF, which implies that V(n) <

V(0) for n € Z*.

Now the proof is completed as that of (Mohamad & Gopalsamy, 2000, Theorem 4.2). Namely,

from (2.35) it follows that

Z yi(n)

e

7

IA

1

@

1]

{y,-(O) L

3i(0) + D bl Lyds (A S (8

m =1
=1 F=I T

dn(h.)i]bﬁw:-'“ i y,-(e)}, nezt,

j=1 b==p;;
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and hence, by virtue of (2.33), we have

|z, n) e - = e [¥:(€) — =7
Z ) ST VB D et swp RS,

#=1 j=t €=—x,0

which yields (2.29) with

m
B = B(h,A) = max < 1+ Ligs(h) Y _ [bjilmjiX® ¥ 3 > 1.
i=T,m =1
In the model (2.25) the time delays were assumed discrete. While this assumption is not
unreasonable, a more satisfactory hypothesis is that the time delays are continuously distributed
over a certain duration of time. The system (2.25) was modified to a system of integro-differential
equations (Akca et al., 1996; Akca et al., 2002; Mohamad & Gopalsamy, 2000) of the form

d:c(t) —a;z;(t) +Zb.,f](/ Kyt :::J(s)ds>+ci, 12, .. ,my £330

or

dz; g .
xdt(t) PR ;bijfj (/0 Kij(s)zi(t —s) ds) + ¢,

e B IO t>0,

(2.36)

where for ,j = I,m the delay kernels K;;(s) were assumed to satisfy the following conditions:

e K;j :[0,00) = [0,00) are bounded and continuous.
o [P Ki(s)ds=1.
e There exists a positive number p such that f0°° K;j(s)e** ds < oco.

For an integro-differential equation an impulsive condition including both the functional value and
its integral also seems natural. Thus in (Akca et al., submitted) we took the impulse conditions in
the form

tx
(2.37) Azy(ty) = Li(zi(te)) = Buwi(ty) + / cik(s)zi(s) ds + i, k€ Z7,

Lre—1
where t; > to = 0 and ci : [te—1,t] = R are measurable functions, essentially bounded on the
respective interval, B;; and oy, are some real constants. For more details about impulse conditions

of this and more general form see (Akca et al., 1996) and reference therein.
The initial conditions associated with the system (2.36), (2.37) are given by
zi(s) = ils), s€(-00,0, i=1Im,

where 1;(s) are bounded and continuous on (—00,0]. In (Akca et al., submitted) the solutions of
system (2.36), (2.37) were proved to satisfy the estimate

i(0,t)
(2.38) Zm (t)—z7| < Be~c H {1+ Be(1+ (e, t — ty l))}E sup |z.(w) ]|
—1 wE(—00,0
for all t > 0 and some € > 0, 8 > 1, where x* = (z},...,z},) is an equilibrium whose components

satisfy (2.3) as well as

ty
(2.39) (Bik +/ cir(s) ds) z; +o =0, i=Tm, kelZt,

[ Oy
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By = m{gmax{|Bik|, Neirll Lo erostn) } »
i=l,m

anc the function p(e, z) is defined for €,z > 0 by (e, 2) = (ef* — 1) /e.
in the discrete-time analogue of (2.36) the integral term f0°° Kii{8)z;(t — s)ds, i,j = T,m,
= replaced by a sum of the form Z Kij(p)x;j(n — p), where n = [t/h], p = [s/h], by an abuse
of aotation Ki;(p) stands for K,](ph) and z;{n — p) for z;((n — p)h), and the discrete kerncls
.1}, 1,7 = 1,m, satisfy the following conditions:
H5.: K;;(p) € [0,00) and is bounded for p € Z*.
H6.: 3 Ki(p) = 1.
p=1
H7.: There exists a number v > 1 such that %031 Kij(p)v? < o0.
p=

The discrete-time analogue of (2.36) obtained in (Mohamad & Gopalsamy, 2000) in the same
manner as (2.9) was derived from (2.1) is

(2.40) ziln+1) = e %"zi(n)+ ¢i(h) i bi; f: (i Kij(p)zj(n~ p)>
j=! p=1
+¢i(h)e;, i=T,m
and it is supplemented wifh initial values of the form
(2.41) i zi(r) = ¥i(r), T €Ly,

and the sequence {;(r)}°__, is bounded for all { = T, m. We take the equation (2.40) for n # ny,
i.e.,

oo

(2.42) .’l:,'(’n it 1) SR h + ¢; sz_‘,fx (Z K:] -73_1 n— P)) + ¢,‘(h)C.‘,
1

=Tm, neZ{\{n,na...}-

The impulsive conditions (2.37) are approximated by

n
(2.43) z;(nk + l) = ;I,'(‘nk) = Z B.»k,x.-(é) +ajy, t=1m, k€ Z+,
=ng_1+1
where, for convenience, ng = —1 and the constants By satisfy relations given below.

An equilibrium x* = (z},23,...,x5,)7 of (2.42), (2.43) must satisfy (2.3) and

g

(244) Z Bik[l‘: +a; =0, i=1,m, kE€ zZ*.
E=nj_1+1

By a comparison of (2.44) with (2.39) we find

g te
Z Bikg = Bl“; + / Cik(s) dS, = 1,771, k€ Z+.

f=n;_; 41 te—1
We denote

By = max max ‘Bikf‘, ke ZT.
i=1,m -1 +1L8<ng
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Qur result is Let h > 0 satisfy (2.11) and let conditions H1-H?7 hold. Suppose there exists a point
x* = (z},75,...,15,)7 satisfying the equalities (2.3) and (2.44). Then there exist constants 8 > 1
and A > 1 such that all solutions of (2.42), (2.43), (2.41) satisfy

i(l.n) m

m . 4 =
(2.45) S g gy TT (14 2+ Bexh e — men) 3 sup 10 Z
i=1 i(h) k=1 irez; %)
n
for n € Z*, where x(A\,n) = 3, AL, Proof. It is clear that there can exist at most one equilibrium
=1
point. By our assumptions it does exist.

For n # ny, k € Z*, we follow the proof of (Mohamad & Gopalsamy, Theorem 4.3). We have
from (2.42) that

(2.46) |zi(n + 1) ~2;] < e~ Mzi(n)—af| + ¢i(h) Y Ibs|L; Y Kij(p)lzj(n—p) =],
=1 p=1

whered = T, m, n # n.
Let us consider the functions G; : [0,v] = R, i = T, m, defined by
m [e.o)
Gi(h) =1 he R~ Ligi(h) Y Ibsil Y Kis(@)AH.
=i p=1

By virtue of condition H7 the functions G;(-), i = I,m, are well defined and continuous on [0, v].

Moreover,
j=1

Gi(1) =1—e ™" ~ Ligi(h) Y |bjil > Kii(p) = ¢i(h) (ai Ly, |bji|) >0
Jj=1 p=1 =

by condition H4. By the continuity of G;(-) there exist numbers A; € (1,v], i = T,m, such that
Gi(Ai) > 0 for A; € (1, ). Let A = min{A(, Ag,...,Am}. Then for 1 < X < A we have

m oo
(2.47) Gi(A) = 1= Xe™* = Ligi(h) Y _1b;el Y Kss(@)3**' >0, i=Tm.
i=1 p=1
Now denote
y,-(t):A“M i=T,m, nek.

¢i(h)

Then from (2.46) for n # n; we derive

pe(n+1) € Ae"%hyn) + > JbylLidi(h) 3 Ky N yi(n—p), i=T,m.
j=1 p=1
We define a Lyapunov functional V() by
m m [ n-—1
V(n) =3 S win)+ Y bylLids () K@M - yi(n)p, nezd.

i=1 i=1 p=1 r=n-—p

It is easy to see that V(n} > 0 for n € Z¢ and V(0) < co by H7.
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= . We can now estimate il difference V(n + 1) — V(n) along the solutions of (2.42) for n / u,
> == follows:
m
Vin+1)-Vin) < Z{( ok _Dyge(m) + 3 slLsgs (S K (p)A"“y,»(n)}
i=t 3=1 p=1

—Z{l——)\e_“"h—lﬁd’i(h) Z (b33l Z Kji(P))"Hl} yi(n) <0

i=1 j=1 p=1

by virtue of (2.47). It follows that
(2.48) V(n) £V(ng-1+1) for mnpy <n<ng, k€Zt.

Further on, making use of the equalities (2.43) and (2.44), for any ny, k € Z*, we successively i

ny

|z + ) —2f| < Jmitne) =2+ D 1Bkl i) - 5|
€=ngp_y1+1
np—1
< (L+ Ble(ng) —af| +Bx ) |z:(0)-zil,
t=ny_y+1
ng—1
vl +1) < (1+B)dwlne) + B Y, A0, i=Tm
I=ng_+1
and thus
- m ng—1
Vime+1) <€ 3 S (1+B)yilne) + B Y, A™Hly(0)
i=1 t=np_1+1
b3
+ ZlbulL @(h)Z&:@)APH Y, uiln)
j=1 r=ng+1-p
: m m o
B = 34 |@+BIA+Ligi(R) Y Ibsil 3 Kis(@)A | wiln)
i=1 j=1 p=1

ng—1 m o ne—1
+ B Y A0 + Ligs(h) Y bl D Kot S yim}‘

€=ng_1+1 ==k p=1 r=ng+l-p

From the definition of V(-) it follows that

3

(14 ABYV (ne) = 3 { (1 + ABL)wi(ne)
=1

ng—1

+ (14 AB)Ligs(h ilb,AiK AL % yi(r>},

=1 p=1 r=np—p

thus

Vng +1) < (14 AB)V(ng)

Z {1 - Xe”%* — Ligi(h )y 1] Z K, (p)art! } yi(ng)

i=1 =1 p=1

m Ry—i

+ )\Zy,nk +B’*Z Z A=ty ()

=1 f=n;_+1
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for k € Z*. By virtue of (2.47) and (2.48) we find

Np—Ne—

Ving+1) < <1+/\+Bk Z /\£> Vi{ng—1+1)

£=1

for k€ Z* (ng = —1), i.e,,
Ving +1) < {1+ A+ Bex(M\,ng —ne—1)}V{(ng— +1).

If we combine the last inequality and (2.48), we obtain
i(l,n)
Vin) < J[ (14A+Bix(\ne—ne1)} V(0), n€Z*,
k=1
which implies

— |zi(n)—z;|
; #i(h)

i(l,n)

AT T 2+ Bix(h ne—nie-1)} Y {“((;J)T:)’”'
k=1 i=1 e

m oo i "
b D lballisy ()Y Kot Y Bl
i=1 =1 ¢:(h)

r=—p
i(l,n) m Iw(r)—z'l

< BT[] (1A +Bex(Mne—ne-1)} ) sup —h—
k=1 mirez; (M)

for n € Z*, where

B =B(h,A) = max { 1+ Ligs(h) Y [bjs] 3 Kja(p)prr+!
=1 p=1

i=l,m

This completes the proof of Theorem 4.

*

Just as the estimate (2.38) in the continuous-time case, the estimate (2.45) does not imply
in general any sort of stability of the equilibrium point x* of system (2.42), (2.43). In order to
prove stability we have to impose some additional conditions on the moments and amplitudes of the

impulse effects.

HB8.: sup (nx — ng—1) < 00.
keZt

Suppose that

(2.49) N >np —ng_) VkeZ*.
Since Al_i)r{1+ x{\,n) = n, we can choose A € (1, /—\] so that

(2.50) x(Mne—nk1) N VkeZt.

H9.: B = sup Bi(1+ N) < o0.
kEZ+

Corollary 2.1. Let all conditions of Theorem { hold. Suppose that the impulse effects (2.43) satisfy
the assumptions H8, H9, where N is defined by (2.49). If A € (1,1] is chosen to satisfy (2.50) and

(2.51) A>(1+A+B),

then for any number X* satisfying

(2.52) : Lo N T
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st ey cosspact neighbourhood K of the equilibrium x* = (z},75,...,z5,)7 there ezists a constant
¢ = 1 swch fhar oll solutions x(n) of (2.42), (2.43) with z(r) € K, r € L satisfy the inequality

" i) =23 _ gyaen o i) =] v
- 2 o LaEUny en

=1

Fowe® Fizst let us note that the conditions of Corollary 1 can be satisfied. Indeed, let us suppose
“hue wse moments of impulse effect satisfy the condition H8. Let us fix A satisfying (2.50). For given
wmstasts By, k€ Z%, and B defined by the condition H9, we can take h > 0 so small that q = ph
smte= the inequality (2.51).

Now suppose that all conditions of Corollary 1 hold. By virtue of H8, (2.49), (2.50) and H9

esmai=y 12.45) takes on the form

o |zi(n) — =] < By-" i) [zi(r) — 7}
L A1+ A+ B ——
) I T LB e P v

o= amy 5 > 0 the inequality i(1,n) < (¢ + n)n is satisfied for all n large enough. Then we have

/\_"(1 F A+ B)"(l‘") < /\_"/\,lnutusl""*'")" — {,\"‘l““;'\;sz('l‘fﬂ)}—ﬂ_

Lormeding 10 (2.51) ﬂ%’\:—‘?zq < 1. We take 7 > 0 so that '—"—‘%"\T“—Q(q +17) < 1 and denote
2 54 AT = AR ),

Thes (252) is valid (or, conversely, for any A* satisfying (2.52) we can choose 1 > 0 so that (2.54)

i

sehis) and the estimate (2.53) is valid for all n large enough. If we increase the constant 3, we can
prowide the validity of the estimate (2.53) for all n € Z*. The constant 8 may still depend on the
soiution zin) of system (2.42), (2.43), i.e., on the initial function 1(r). Because of the compactness
o & we can choose f so that (2.53) is valid for all solutions z(n) such that z(r) € K for r € Zg.
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